Chap.4 Ray Theory

** The Ray theory equations
® Plane wave of homogeneous medium

* A plane wave has the distinctive property that its strength and
direction of propagation do not vary as it propagates through a
homogeneous medium

y
\
\ p'vanes in this direction over the
scale of one wavelength
pr _ Ieia)(t—r(x,y))
\ Direction of
propagation
7(x,y)=x/ccosf+y/csin @
@ S
AY AY /\ X
wavefront : the magnitude of p’
is the same at all points along
the wave front
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Ray Theory

** The Ray theory equations

* On the other hand, a wave propagating through a region with a
slowly varying sound speed will have a slightly curved wave front

 Rays are defined to be curves which are always normal to the
wavefront

 Rays are useful concept if L >4, i.e. high frequency waves. Then
the only effect of variation in the sound speed is that speed of
propagation of the wavefront along the ray.

ray

R— /
wavefront at

time t+dt=7(x.y)

wavefront at time t=z(x,y)
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Ray Theory

** The Ray theory equations

io(t-7(x,y))

p'(x, y,t) = 1(x, y)e

@ (Note)
« (i) I varies because of gradual changes in the sound speed.

« (ii) The variation of I occurs over the length scale over which the
sound speed varies (generally long compared to wavelength)

e (i1l) The phase is a function of position and accounts for the
variation p’ over the scale of wavelength

 (iv) If, L, the scale on which the sound speed varies, is MUCH
greater than the wave length, then | is slowly varying compared to =
and the moving surface, t- = (x,y) = constant to be wavefronts
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Ray Theory

** The Ray theory equations

® Transmission through the stratified medium

A continuous variation can be considered as an approximation of N
jumps

C Ccy+ dc

Wave
front

\o

Y
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Ray Theory

** The Ray theory equations

* When a plane wave propagates from the one medium to another
with a different sound speed, Snell’s law is valid in transmission.

siné Co

= C<—
L = constant sind,

« Snell’s law can be used to determine the rays paths and hence to
discover where sound is heard

« The rays bent to the direction of decreasing of ‘¢’

C increasing —» C decreasing —
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Ray Theory

** The Ray theory equations
® (Example) the ocean

P increases

c=c,(1+ ox) x“

sing, siné
* Snell's Law : cC. C
0
dy
* where sjng= dy = ‘3§ 7 =sin Hogzsin 6,(1+ ax)
Jax2+dy? L+ ()Y Co
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Ray Theory

** The Ray theory equations
® (Example) the ocean
(= (D s an?sin’g)
dy _,  (+axsing,
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y= +
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* x=0y=+ 1 (1—sin26’0)%=$—co_s‘9°
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Ray Theory

** The Ray theory equations

@ Continuously varying medium /_
« (D c is constant within each slab /‘

° : Cma:{_cmin T

@ Cma:-u Cmin * AC ~ N /

Incident
wave

N slabs (N —> <o)
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Ray Theory

** The Ray theory equations
® Reflection Coefficient of Plane wave at the interface with

sound speed and densities p, , p,

The pressure & velocity (normal directio
should be continuous @ interface

R P& PoCo
__ Cos¢p  cosd
G PoCo

I COS ¢ + cosé

2\
COS ¢ = Ll—sin2 6’C12j
c
0
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Ray Theory

** The Ray theory equations
® compact layer (L <)

* No phase difference

e Transmission & Reflection depends only on the net change in
acoustic properties 'across' the layer. (Neglect the change of
acoustic properties within the layer)

¥,

@® non - compact layer (L>21) -Q.‘fffj‘ :_-:J-::ﬂ;;”
/3'

 Large phase difference between incident and reflected waves.

 Energy reflected from each interface
2 ’ _ |
IR =% N —interfaces  E, ~ I
N N
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Ray Theory

** The Ray theory equations

e [f N—ow
" the actual continuous variation in sound speed and no energy is

reflected . " (Er—0)
* No reflection energy for a high frequency sound ray propagation
through a medium in which the sound speed varies continuously .

 Energy flux is constant along the ray tube of sound propagating
through a medium in which p,and ¢ vary slowly ( L>2)

High sound pressure
“Ray theory can be
used to determine the

Converging rays level of sound heard”
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Ray Theory

A more rigorous derivation of Ray theory
® Derivation of Ray theory
 Conservation of mass states that

w__ 9, )9
ot ox (/00 ) 6,[(,Dov)

« Momentum equation of each direction is

« These two equations can be used for substitution
18°p_ o1 o(1 ap
cZ atr  ox ( axj“%ay( 2% ay)
 Ray series is derived from the harmonic functions of time.

p'(x,y,t)= Z
=0
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Ray Theory

A more rigorous derivation of Ray theory
» Rays are defined to be curves which are everywhere normal to the

wavefront
(dx dy j _gradr
grad 7

ds " dx

« From the derivatives of ray series, substitution of the correct form
for the wave equation leads to

Sorltor(5) (5] el 5 5 aa (250

or |, o 1 al, o 1 adl,
+ + + 0 + P, =0
Ox Ox 0y 0y x| p, ox oy py Oy
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Ray Theory

A more rigorous derivation of Ray theory
« First, the equation is to be true for all values of @

or\ (or ‘ 1__O
) " E ‘Eikonal Equation’

» The coefficient of @ must also vanish,
o 1or o 1or orl, ot
P |t | —h |t et =0
OX\ p, OX oy \ p, Oy OX OX 0y oy

ray

wavefront
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Ray Theory

A more rigorous derivation of Ray theory

« Using the chain rules of direction with regard to ‘s’ direction,
eikonal equation leads to the Snell’s law

d(lde dor (0rd 0Ord \or dy .
—| - |=——=C —t+—— |— —=5Ind
dslcds) dsay \oxox oyoy)oy ds

« The intensity, I, , must satisfy the 2" equation.
orl, orl, Or 0t ordfl or 0 1
d ——+——|tl| 5+t ——|— [+ ——|—||=0
oX OX 0y oy X~ oy oX OX\ p, oy oY\ p,
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Ray Theory

A more rigorous derivation of Ray theory

® The solution to this equation is

s)=1(s pO(S)C(S) AA(SO) )
Io( )_IO(O{ AA(s) ,00(30)(:(30)J

( 15(s)A(s)
Po(s)c(s)

Energy Flux Conserved

j = constant along the ray tube
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Ray Theory

** Underwater sound propagation

® Sound waves of underwaters

« Water transmits sound waves far better than it does optical, radio or

magnetic waves, and so sound is used extensively for underwater
communication

* The temperature near the surface is warm, and temperature is
decreased also to 1000m. It means that speed of sound is also

decreases
 Under the 1000m, however, the increase of pressure leads to an
Increase of sound speed S+ Sound SpeedC

200 =
400 -
F00
B0 -
1000 =
1200
1400
1600 —
1800 —
2000 -

Depth
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Ray Theory

** Underwater sound propagation

* The rays propagating downwards will eventually reaches the
regions which speed of sound is changed inversely, and the rays are
propagating upwards. Finally the rays are trapped within the region.
This regions are called “sound channel’

1480 Sound Speed
—_—

1000m /
A Sound \_/
Channel

Depth
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Ray Theory

** Underwater sound propagation

 The refraction of sound rays by anomalies of the sound speed
profile in the ocean can lead to the formation of “shadow zones’

* In the case of a sound source in the ocean near a position of
maximum in the sound velocity, rays propagating upwards move

into regions where the sound speed decrease and are refracted
upwards, and vice versa.

Sound Speed
é

Source

Shadow
zones

Depth
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Ray Theory

** Sound propagation in the atmosphere

@ Sound refraction on a day time

 During the daytime the air temperature tends to decrease with
height above earth, and hence the sound speed decrease upwards.
Rays are then bent up, and most of the sound will pass over the
head of a distant observer

A A

C decrease
upward

Sound propagation on a typical day
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Ray Theory

“* Sound propagation in the atmosphere

® Sound refraction on a night time

« Sometimes on a clear night, the ground cools more quickly than the
air, then rays are bent back to the ground are heard more distinctly
by an observer

A A

C increase
upward

Sound propagation on a clear night following a warm day
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